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The fracture behaviour of carbon nanotubes depends largely on temperature, defect distribution, and geometric fea-
tures. In this paper, the eﬀect of temperature upon fracture nucleation of single-walled carbon nanotubes (SWCNTs) is
investigated using an atomistic-based continuum theory. The temperature eﬀects are described in terms of a modiﬁed Cau-
chy–Born rule based on the assumptions that the deformation is suﬃciently small and locally homogeneous. Furthermore,
it is assumed that the atoms have the same local vibration mode at a given temperature. The ﬁrst derivative of the free
energy density, which is a function of both the deformation gradient and the temperature, enables the determination of
the second Piola–Kirchhoﬀ stress. In the present study, the fracture nucleation is modelled as a bifurcation of a homoge-
neously deformed nanotube at a critical strain. The model predictions show that the fracture strain decreases with increas-
ing temperature, while the elastic stiﬀness remains largely unchanged.
 2006 Elsevier Ltd. All rights reserved.
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Due to the extremely small length scale considered, the evaluation of the mechanical properties of nano-
scale systems/materials presents signiﬁcant challenges to researchers. Modern computer techniques enable
us to model these molecular systems with simulation methods, which include classical molecular dynamics
(Haile, 1992; Rapaport, 1995; Frenkel and Smit, 2002), ab initio method (Ohno et al., 1999), and tight-binding
method (Harrison, 1989; Menon and Subbaswamy, 1997). However, limitations are always found on both
length and time scales. These limitations hinder the modelling and simulation of some phenomena, such as
material failure, interfacial debonding in layered media, etc.
Unlike molecular dynamics simulations that keep track of the motion of every atom, atomistic-based con-
tinuum theory represents a homogenised behaviour of atoms via an approximate constitutive model. The
strain energy density at the continuum level is evaluated by the bond energy on the atomic level for all atomic0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.10.023
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Within that cell, the deformation is assumed uniform. The Cauchy–Born rule equates the strain energy at
the continuum level to the energy stored in atomic bonds. This kinematic assumption links the deformation
of an atomistic system to that of a continuum. It is the base for developing continuum elastic potentials from
the atomistic description of the system (Ericksen, 1984). Based on the Cauchy–Born rule, properties of the
nanoscale materials can be predicted within the continuum theory (e.g., Arroyo and Belytschko, 2002,
2004; Zhang et al., 2004).
Among the various nanoscale materials, carbon nanotubes (Iijima, 1991) have attracted worldwide atten-
tion. This is due to their unique structural, physical and mechanical properties and their potential for use in a
variety of practical applications (Saito et al., 1998; Qian et al., 2002). The tensile strength of carbon nanotubes
depends largely on temperature, defect distribution, and geometric features. Molecular dynamical simulations
(Yakobson et al., 1997) based on Brenner’s interatomic potential (Brenner, 1990) revealed that carbon nano-
tubes have fracture strains ranging from 30% to 40%. The fracture strains from the atomistic studies based on
the modiﬁed Morse potential (Belytschko et al., 2002) were reported to be between 10% and 16%. This value is
close to the experimental measurement of Yu et al. (2000), which was depicted to be between 10% and
13%, and as low as 2%. An earlier atomistic-based continuum theory (Zhang et al., 2004) demonstrated that
the fracture strain was around 37% for a carbon nanotube of diameter 1 nm and length 5 nm. The fracture
strain for a single-walled carbon nanotube from our previous study (Liew et al., 2005) was predicted to be
around 19–28%.
However, all the above-mentioned studies with continuum theory did not take into account the eﬀect from
the temperature. Jiang et al. (2004, 2005) developed a ﬁnite-temperature atomistic-based continuum theory
based on the Brenner’s potential (Brenner, 1990; Brenner et al., 2002) to study the temperature-dependent
material properties of carbon. In the present paper, we propose a ﬁnite-temperature atomistic-based contin-
uum theory which is based on the modiﬁed Morse potential (Belytschko et al., 2002; Liew et al., 2005). The
theory is then used to examine how temperature inﬂuences Young’s modulus and fracture strains of SWCNTs.
2. Modelling temperature-dependent atomistic-based continuum theory
In conventional Cauchy–Born rule, the strain energy densityW at the continuum level is the potential ener-
gy density calculated from the interatomic potential, which is a function of deformation gradient F, or the
Lagrangian strain E. The second Piola–Kirchhoﬀ stress S, which is deﬁned as the ﬁrst derivative of the strain
energy density, is only a function of the deformation gradient or Lagrangian strain, viz.,SðEÞ ¼ oW ðEÞ=oE: ð2:1Þ
In order to account for the temperature eﬀect, we consider the Helmholtz free energy H, instead of the
potential energy (Diestler, 2002). By assuming that the deformation is suﬃciently small and locally homoge-
neous, and that the atoms have the same local vibration mode at a given temperature, the free energy density
of the crystalline solid for the continuum model can be written asW ðE; T Þ ¼ HðE; T Þ=X; ð2:2Þ
where X is the volume of the reference conﬁguration. Here the free energy density W is temperature depen-
dent. Accordingly, the second Piola–Kirchhoﬀ stress S is determined as the ﬁrst derivative of the free energy
density W, such thatSðE; T Þ ¼ oW ðE; T Þ=oE: ð2:3Þ
This will allow the determination of the temperature-dependent stress tensor. For a solid phase, it is reason-
able to assume that the vibration of an atom is harmonic. From the frequencies xj, the Helmholtz free energy
H of a crystalline solid that contains N atoms at a temperature of T can be calculated by (Rickman and Lesar,
2002)HðN ; T Þ ¼ V ðNÞ þ kBT
X
j
ln 2 sinh
hxj
4pkBT
  
; ð2:4Þ
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Boltzmann constant, h is Planck’s constant, the sum over j includes all vibration modes of the system. These
frequencies are the eigenvalues of the dynamic matrixDia;jb ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃmimjp
o2V
oxiaoxjb
; ð2:5Þwhere xia is the vibration coordinate in direction a for atom i, and mi is the mass of that atom. We further
simplify the harmonic approximation by neglecting all terms that couple vibrations of diﬀerent atoms, i.e.,Dia;jb ¼ 0; i 6¼ j: ð2:6ÞThis is the so-called local harmonic mode. The principal frequencies of an atom can be calculated by diago-
nalizing the local dynamical matrix (Lesar et al., 1989). Eq. (2.4) can then be rewritten asH ¼ V þ nfkBT
XN
i
ln
h
2pkBT
D
1
2nf
i ; ð2:7Þwhere nf is the number of degrees of freedom per atom, Di ¼ ð
Qnf
k xikÞ2 is the determinant of the local dynam-
ical matrix of atom i. It should be noted from (2.7) that in the current method, the temperature eﬀects are
considered into the system by evaluating it at each quadrature point (atom place). At each given temperature,
the system gains the heat energy and arrives at a new equilibrium state.
Single-walled carbon nanotube can be regarded as a graphite sheet rolled into a cylindrical shell with
unique six-membered carbon ring. It has a hexagonal lattice structure, which is a Bravais multi-lattice and
does not possess centrosymmetry (Fig. 1). To use the Cauchy–Born rule, the hexagonal lattice can be decom-
posed into two triangular sub-lattices marked by open and solid circles. Each sub-lattice is a simple Bravais
lattice that has centrosymmetry, and therefore follows the Cauchy–Born rule. However, the two sub-lattices
undergo a shift vector 1 = A 0A, as shown in Fig. 1. The shift vector (Weiner, 1983; Tadmor et al., 1999) rep-
resents the relaxation of the atom positions in the hexagonal lattice to minimize the energy and reach equilib-
rium. Consider in a small representative cell (Dabc, as shown in Fig. 1), the bond lengths and bond angles can
be written as0ϕ
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Fig. 1. A schematic diagram of the atomic structure of a SWCNT within the tube surface.
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: ð2:10cÞwhere E = (FT Æ F  I)/2 is the Lagrangian strain and F is the deformation gradient.
The Helmholtz free energy in a small representative cell Dabc in Fig. 1 is thus written asHðE; n; T Þ ¼ V ðrAM ; hMÞ þ nfkBT ln h
2pkBT
D
1
2nf
A ; ð2:11Þwhere M = B,C,D, and DA is the determinant of the local dynamic matrix at atom A. The Helmholtz free
energy density on the continuum level is thus obtained asW ðE; n; T Þ ¼ HðE; n; T Þ=Xabc; ð2:12Þ
whereXabc ¼ 3
ﬃﬃﬃ
3
p
r20=4; ð2:13Þwith r0 the bond length. Consider a modiﬁed Morse potential function (Belytschko et al., 2002) as the inter-
atomic potential for carbon,V ¼ V ðrÞ þ V ðhÞ;
V ðrÞ ¼ De 1 ebðrr0Þ
 2  1n o;
V ðhÞ ¼ 1
2
khðh h0Þ2½1þ ksexticðh h0Þ4;
ð2:14Þwhere V(r) is the bond energy due to bond stretch, V(h) is the bond energy due to bond angle bending, r is the
length of the bond, and h is the current angle of the adjacent bond, which is a standard deformation measure
in molecular mechanics. The parameters arer0 ¼ 0:139 nm; De ¼ 3:7694 eV; b ¼ 26:25 nm1; h0 ¼ 2:094 rad;
kh ¼ 5:625 eV=rad2; ksextic ¼ 0:754: ð2:15ÞThe static potential in (2.11) can then be written asV ðrAM ; hMÞ ¼
XB;C;D
M
½1
2
V ðrAMÞ þ V ðhMÞ; ð2:16Þwhere the factor 1/2 represents the equal split of the bond energy due to the bond stretch between two atoms.
For a given deformation gradient F (or equivalently, the Lagrangian E), the internal degree of freedom n is
determined by minimizing the strain energy density with respect to n, i.e.,oW ðE; n; T Þ=on ¼ 0: ð2:17Þ
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The second Piola–Kirchhoﬀ stress S is determined as the ﬁrst derivative of the free energy density W, which
arrives at (2.3). The stress increment _S is related to the strain increment _E via the incremental modulus C such
that_S ¼ C : _E; ð2:19Þ
whereC ¼ o
2W
oEoE
þ o
2W
oEon
on
oE
: ð2:20ÞThe term on/oE can be obtained from the total derivative of Eq. (2.17), which results inon
oE
¼  o
2W
onon
 1
 o
2W
onoE
: ð2:21ÞIn our current problem, nf = 3. The 3 · 3 local dynamic matrix DA in (2.11) can be written asDA ¼ 1m
o2V
osAosA
; ð2:22ÞwheresA ¼ fsAx; sAy ; sAzg ð2:23Þ
is the dynamic displacement of atom A. V = V(rAM,hM) is expressed in (2.16), in whichrAM ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðsAx  sMxÞ2 þ ðsAy  sMyÞ2 þ ðsAz  sMzÞ2
q
ð2:24Þwith M = B,C,D. The component of the local dynamic matrix DA is thus calculated fromðDAÞab ¼
1
m
o2V
osAaosAb
: ð2:25Þ3. Fracture nucleation in SWCNTs
An earlier study (Yakobson et al., 1997) shows that there is a breaking strain before which the carbon nano-
tube undergoes uniform deformation. Once the breaking strain is reached, one or a few atom bonds break,
and this ﬁnally leads to the fracturing of the carbon nanotube. The fracture nucleation in carbon nanotube
under tension can be modelled as a bifurcation process. The detailed procedures of the method can be found
in the work of Zhang et al. (2004). Here only main formulae are listed for the sake of completeness.
The equilibrium equation for the carbon nanotube isðF  SÞ  r ¼ 0; ð3:1Þ
where $ is the gradient in the undeformed conﬁguration, which can be written asr ¼ eR ooRþ eh
1
R
o
oh
þ eZ ooZ ð3:2Þin the cylindrical coordinates (R,h,Z). Neglecting the surface stress eﬀect, the traction-free boundary condi-
tion can be written asðF  SÞ N ¼ 0; ð3:3Þ
where N is the unit normal to the surface in the undeformed conﬁguration. On the inner and outer surfaces of
the carbon nanotube, (3.3) becomes
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Since the wall of the single-walled carbon nanotube is very thin, which is just a single layer of atoms, Eq.
(3.4) should hold for the entire nanotube, which leads to S Æ eR = 0 in the SWCNT. The equilibrium equation
(3.1) can thus be written as1
R
o
oh
F RaSahð Þ  1RF haSah þ
o
oZ
ðF RaSaZÞ ¼ 0;
1
R
F RaSah þ 1R
o
oh
ðF haSahÞ þ ooZ ðF haSaZÞ ¼ 0;
1
R
o
oh
ðF ZaSahÞ þ ooZ ðF ZaSaZÞ ¼ 0;
ð3:5Þwhere R is the nanotube radius, and the summation for a is over h and Z. The equilibrium equation (3.5) can
be written in the increment form as1
R
o
oh
ð _F RaSah þ F Ra _SahÞ  1R ð
_F haSah þ F ha _SahÞ þ ooZ ð
_F RaSaZ þ F Ra _SaZÞ ¼ 0;
1
R
ð _F RaSah þ F Ra _SahÞ þ 1R
o
oh
ð _F haSah þ F ha _SahÞ þ ooZ ð
_F haSaZ þ F ha _SaZÞ ¼ 0;
1
R
o
oh
ð _F ZaSah þ F Za _SahÞ þ ooZ ð
_F ZaSaZ þ F Za _SaZÞ ¼ 0:
ð3:6ÞFor a SWCNT under axial tension, the deformation before bifurcation is uniform. The non-zero compo-
nents of the Lagrangian strain are Ehh and EZZ. The non-zero second Piola–Kirchhoﬀ stress components Shh,
SZZ and ShZ = SZh are obtained from (2.3). The non-zero components of the incremental modulus Chhhh,
ChhZZ = CZZhh, CZZZZ, ChhhZ = ChZhh, ChZhZ, and ChZZZ = CZZZh are obtained from (2.20). The requirement
thatShh ¼ 0 ð3:7Þ
gives an implicit equation to determine Ehh in terms of EZZ.
At the onset of bifurcation, the increment of deformation is not uniform anymore. The non-uniform
increment of deformation gradient _F on the tube surface is given in terms of the displacement increment
_U by_F Rh ¼ 1R
o _UR
oh

_U h
R
; _F RZ ¼ o
_UR
oZ
;
_F hh ¼ 1R
o _U h
oh
þ
_UR
R
; _F hZ ¼ o
_U h
oZ
;
_F Zh ¼ 1R
o _UZ
oh
; _F ZZ ¼ o
_UZ
oZ
:
ð3:8ÞThe corresponding non-zero components of the Lagrangian strain increment _E are_Ehh ¼ F hh _F hh;
_EZZ ¼ F ZZ _F ZZ ;
_EhZ ¼ _EZh ¼ 12ðF hh _F hZ þ F ZZ _F ZhÞ:
ð3:9ÞThe non-zero components of the stress increment are obtained from (2.19) as_Shh ¼ Chhhh _Ehh þ ChhZZ _EZZ þ 2ChhhZ _EhZ ;
_SZZ ¼ CZZhh _Ehh þ CZZZZ _EZZ þ 2CZZZh _EhZ ;
_ShZ ¼ CZhhh _Ehh þ ChZZZ _EZZ þ 2ChZhZ _EhZ :
ð3:10Þ
3834 B.J. Chen, S.A. Meguid / International Journal of Solids and Structures 44 (2007) 3828–3839The substitutions of (3.8)–(3.10) into (3.6) give three partial diﬀerential equations (with respect to h and Z for
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þ 2RShZ o
2
oZoh
 ChhhhF 2hh
 
_UR
 RðChhhZF 2hh þ 2ShZÞ
o
oZ
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o
oh
 
_U h ð3:11aÞ
 F hhF ZZ RChhZZ ooZ þ ChhhZ
o
oh
 
_UZ ¼ 0;
R2ð2ShZ þ ChhhZF 2hhÞ
o
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o
oh
 
_UR
þ R2ðChZhZF 2hh þ SZZÞ
o2
oZ2
þ 2RðShZ þ ChhhZF 2hhÞ
o2
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þ ChhhhF 2hh
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oh2
 
_U h ð3:11bÞ
þ F hhF ZZ R2ChZZZ o
2
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þ RðChhZZ þ ChZhZÞ o
2
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þ ChhhZ o
2
oh2
 
_UZ ¼ 0;
R2ChhZZ
o
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þ ChhhZ ooh
 
F hhF ZZ _UR
þ R2ChZZZ o
2
oZ2
þ RðChhZZ þ ChZhZÞ o
2
ohoZ
þ ChhhZ o
2
oh2
 
F hhF ZZ _U h ð3:11cÞ
þ R2ðCZZZZF 2ZZ þ SZZÞ
o2
oZ2
þ 2RðChZZZF 2ZZ þ ShZÞ
o2
ohoZ
þ ChZhZF 2ZZ
o2
oh2
 
_UZ ¼ 0:Since we are modelling the fracture of SWCNT under tension as a bifurcation process, the carbon nanotube
is subjected to axial displacement and vanishing shear stress tractions at its ends. At the onset of bifurcation,
the increments of axial displacement and shear stress tractions should vanish at both ends.
The increment of stress tractions at the ends of the nanotube can be written as_F  S  eZ þ F  _S  eZ ¼ 0: ð3:12Þ
From (3.12), the increment of shear stress tractions at the ends is obtained as_F RhShZ þ _F RZSZZ ¼ 0; ð3:13Þ
in the R-direction, and_F hhShZ þ _F hZSZZ þ F hh _ShZ ¼ 0; ð3:14Þ
in the h-direction. The boundary conditions at the onset of bifurcation are thus written as_UZ ¼ 0;
o _UR
oZ
þ ShZ
SZZ
1
R
o _UR
oh
 _U h
 
¼ 0;
o _U h
oZ
þ ShZ
SZZ
1
R
o _U h
oh
þ _UR
 
¼ 0;
ð3:15Þat Z = 0,L.
It should be noted that for armchair and zigzag nanotubes, the following conditions holdShZ ¼ 0; ChhhZ ¼ ChZhh ¼ 0; CZZZh ¼ ChZZZ ¼ 0: ð3:16Þ
The homogeneous governing equations (3.11) and the boundary conditions (3.15) constitute an eigenvalue
problem for the displacement increment _UR, _U h and _UZ . They have only the trivial solution until the axial
strain EZZ reaches a critical value (EZZ)cr for bifurcation.
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4.1. Eﬀects of temperature on Young’s modulus of SWCNTs
In the previous sections, a non-linear atomistic-based continuum theory accounting for the temperature
eﬀects is established for single-walled carbon nanotubes. The incremental modulus C is calculated from Eq.
(2.20). The linear elastic modulus of a SWCNT can be obtained from the incremental modulus by taking zero
deformation, i.e., E = 0. It is easily veriﬁed that n = 0 when E = 0 from (2.17).
For simple axial tension along the Z-direction, the non-zero components of the linear elastic modulus ten-
sor are CZZZZ, Chhhh and CZZhh = ChhZZ. The Young’s modulus can be calculated by (Zhang et al., 2002)E ¼ CZZZZ  C2ZZhh=Chhhh: ð4:1Þ
The Helmholtz free energy density expressed in Eq. (2.12) is the energy per unit tube surface area, the
Young’s modulus calculated from Eq. (4.1) is actually the linear elastic tensile stiﬀness rather than the mod-
ulus. It is the modulus multiplied by the tube thickness. Since the wall of a single-walled carbon nanotube is
just a monoatomic layer of carbon atoms, the tube thickness can be assumed as h = 0.335 nm.
Our current predictions from Eq. (4.1) show that Young’s modulus remains approximately constant as the
temperature varies. This result is consistent with that predicted from MD simulation (Jeng et al., 2004). The
current theory also shows that Young’s modulus does not depend on the chirality of the carbon nanotube,
which is again consistent with the results of earlier studies (Lu, 1997; Saito et al., 1998). Young’s modulus
is a linear elastic property of materials. It is insensitive to the thermal conditions when the tube is under linear
deformation. However, when the tube is under large deformation, both the temperature and the chirality will
aﬀect the mechanical properties of nanotubes. Young’s modulus as predicted from the current theory is
E = 959 GPa.4.2. Eﬀects of temperature on bifurcation strain of SWCNTs
As discussed in Section 3, the bifurcation strain is determined by the eigenvalue problem for the displace-
ment increment _UR, _U h and _UZ deﬁned by Eqs. (3.11) and (3.15). The diﬀerent values of the stress components
and the increment modulus under diﬀerent temperature result in a diﬀerent bifurcation strain.
For zigzag and armchair carbon nanotubes, the boundary condition (3.15) takes a simple form_UZ ¼ 0; o
_UR
oZ
¼ 0; o
_U h
oZ
¼ 0 at Z ¼ 0; L: ð4:2ÞThe displacement increment in this case takes the form_UR
_U h
_UZ
2
64
3
75 ¼
_U ðnÞRm cos
mpZ
L cos nh
_U ðnÞhm cos
mpZ
L sin nh
_U ðnÞZm sin
mpZ
L cos nh
2
664
3
775; ð4:3Þwhere L is the length of the carbon nanotube, n = 0,1,2, . . . is the wave number in the circumferential direc-
tion, m = 1,2,3, . . . is the eigen mode number in the axial direction, n = 0 is for axisymmetric bifurcation, and
n = 1,2,3, . . . is for non-axisymmetric bifurcation. Substitution of (4.3) into (3.11) together with (3.16) yields
three homogeneous algebraic equations for _U ðnÞRm, _U
ðnÞ
hm and _U
ðnÞ
Zm.
For chiral carbon nanotubes, following Zhang et al. (2004), the displacement increment is written in the
form_UR
_U h
_UZ
2
64
3
75 ¼
_U ðnÞRs ðZÞ sin nhþ _U ðnÞRc ðZÞ cos nh
_U ðnÞhs ðZÞ sin nhþ _U ðnÞhc ðZÞ cos nh
_U ðnÞZs ðZÞ sin nhþ _U ðnÞZc ðZÞ cos nh
2
664
3
775: ð4:4Þ
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ðnÞ
Rc , _U
ðnÞ
hs , _U
ðnÞ
hc , _U
ðnÞ
Zs and _U
ðnÞ
Zc . By
using the method described in Section 3, the bifurcation strain (EZZ)cr for each case can be determined. The
fracture strength is deﬁned as SZZ when the strain EZZ reaches the bifurcation strain (EZZ)cr.
Our calculation shows that for a zigzag (u0 = 0) or an armchair (u0 = 30) SWCNT under a given tem-
perature, the axisymmetric bifurcation (n = 0) takes place. However, for a chiral (0 < u0 < 30) SWCNT,
the axisymmetric bifurcation (n = 0) takes place with small tube radius-to-length ratio R/L; when the ratio
R/L increases, the ﬁrst non-axisymmetric mode (n = 1) takes place. Figs. 2 and 3 illustrate how the axisym-
metric bifurcation strain (n = 0) varies with the eigen mode number m for a zigzag and an armchair SWCNT
at diﬀerent temperatures, respectively, whilst the ﬁrst non-axisymmetric bifurcation strain (n = 1) varying with
the eigen mode number m for an armchair SWCNT is shown in Fig. 4. These results are consistent with our
previous study (Liew et al., 2005) at zero temperature.
Fig. 5 depicts the bifurcation strains for the selected four kinds of SWCNT with R/L = 0.1 as a function of
temperature. Our predictions show that the bifurcation strain for a SWCNT decreases with increasing temper-
ature. In other words, the nanotube is easily bifurcated under higher temperature. As the temperature rises, an0 2 4 6 8 10 12 14 16 18 20
18.90
18.95
19.00
19.05
19.10
19.15
19.20
Bi
fu
rc
a
tio
n
st
ra
in
(%
)
mπR/L
T=0 K
T=500 K
T=1000 K
Fig. 2. Axisymmetric bifurcation strain (n = 0) for a zigzag SWCNT.
0 2 4 6 8 10 12 14 16 18 20
20
22
24
26
28
30
32
34
36
Bi
fu
rc
at
io
n
st
ra
in
(%
)
mπR/L
T=0 K
T=500 K
T=1000 K
Fig. 3. Axisymmetric bifurcation strain (n = 0) for an armchair SWCNT.
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Fig. 4. First non-axisymmetric bifurcation strain (n = 1) for an armchair SWCNT.
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Fig. 5. Bifurcation strain for SWCNTs with R/L = 0.1 at diﬀerent temperatures.
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hence the nanotube becomes increasingly susceptible to bonding breakage, which ultimately leads to fracture.
This result suggests that thermal processes play a signiﬁcant role in nanotube fracture nucleation. Our predic-
tions also show the dependence of the bifurcation strain upon the angle u0 for 20 6 u0 6 30. For smaller
angles, the predictions show that the bifurcation strain becomes almost independent of temperature. In view
of the fact that u0 appears in many terms in the energy formulations, it is not possible to obtain a direct rela-
tionship with its inﬂuence on the bifurcation strain at diﬀerent temperatures. However, at the lower values,
symmetry of the atomic structure relative to the axis of the nanotube is maintained. As the angle u0 increases,
deviation from symmetry is more apparent and the dependence of the fracture strain on temperature becomes
prevalent.
For an armchair SWCNT with R/L = 0.1, Jiang et al. (2005) showed that the bifurcation strain decreases
from 0.415 to 0.375 corresponding to a temperature increase from 0 to 1600 K. The present paper shows that
the bifurcation strain decreases from 0.29 to 0.25 corresponding to a temperature increase from 0 to 1000 K,
which is closer to the experimental measurement of Yu et al. (2000).
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A temperature-dependent atomistic-based continuum theory based on a modiﬁed Morse potential has been
modelled. The model was used to investigate the temperature eﬀect on Young’s modulus and the fracture
strain of single-walled carbon nanotubes. Our predictions reveal that Young’s modulus is independent of tem-
perature and the chirality of the carbon nanotube. The model predictions also show that the bifurcation strain
decreases with increasing temperature. For an armchair single-walled carbon nanotube with R/L = 0.1, the
bifurcation strain decreases from 0.29 to 0.25 corresponding to temperature increase from 0 to 1000 K.
It turns out that the eﬀect of ﬁnite temperature on the fracture strain in the present prediction is smaller
than that reported in MD simulation (Yakobson et al., 1997). This is mainly due to the fact that the current
analysis is based on a static interatomic potential and the kinetic energy associated with the atom vibration at
ﬁnite temperature has not been accounted for.
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